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Linear multistep methods for Volterra integral and integro-differential

* ) :

equations
by

P.J. van der Houwen & H.J.J. te Riele

ABSTRACT

A general class of linear multistep methods is presented for numerical-
ly solving first and second kind Volterra integral equations, and Volterra
integro-differential equations. These so-called VLM methods, which include
the well-known direct quadrature methods, allow for a unified treatment of
the problems of consistency and convergence, and have a pendant in linear
multistep methods for ODEs, as treated in any textbook on computational
- methods in ordinary differential equatioms.
General consistency and convergence results are presented (and proved

in an Appendix), together with results of numerical experiments which sup-

port the theory.

KEY WORDS & PHRASES: numerical analysis; Volterra integral and integro-dif—
ferential equations; linear multistep methods; con-

sistency; convergence
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1. INTRODUCTION

We consider Volterra integral equations of the form
t
(1.1) By (t) = g(t) + I K(t,t,y(t))dT, teI:= [tO,T], 6 =0,1.
%o
This equation is called of the first kind if 6 = 0 and of the second kind

if 6 = 1. Furthermore, we consider Volterra integro-differential equations

t
(1.2) %{-= £(t,y(t),z(t)), z(t) = g(t) + { K(t,t,y(r))dr, t € I,

o

where y(to) = Yp- In these equations y(t) is the unknown function and g,

K and f are given, nonsingular functions on I, S x R and I x R xR, respec-
tively, where S := {(t,T1), tgSTSts T}. In order to ensure the existence
of a unique, continuous solution of (1.1) and (1.2), the following conditions

should be satisfied, respectively:

‘Conditions for the existence of a unique solution y(t) e C(I) of (1.1) with
6 =1

- K(t,T,y) 1s continuous with respect to t and T, for all (t,T) € S;

- K satisfies a (uniform) Lipschitz condition with respect to y, i.e.,
|k(t,t,y) - K(t,T,2)]| < L] | y- 2|, for all (t,t) € S, for all finite
v,z € R;

-g(t) e C(). [

Conditions for the existence of a unique solution y(t) e C(I) of (1.1) with
5 =0

- R(t,T,y) € Cl(SX]R);
- for t = 1 the derivative 93K/3dy is bounded away from zero:
|3K(t,t,y)/8y|2. r0>0 for all t ¢ I, v € R
- K(t,t,y) satisfies a (uniform) Lipschitz condition with respect to y
on S x IR;
-g(t) € C' (1) with g(ty) = 0. O

Conditions for the existence of a unique solution y(t) e Cl(I) of (1.2),

for given initial value y(ty) =y,



The following three (uniform) Lipschitz conditions:
—lf(t,yl,z) - f(t,yz,z)l <L, Iyl-yzl, for all te I, for all finite
Z, Y155, € K
—If(t,y,zl) - f(t,y,z2)| SL2 Izl-zz!, for all te I, for all finite
Ys 205 2, € R;
-lK(t,r,yl) - K(t,r,yz)l <L, |y1-y2|, for all (t,t) € S, for all finite
Yi» Yo € Re [

A common, simple way of solving (1.1) numerically is obtained by writing

these equations down in a sequence of equidistant points

(1.3) L=ty t nh, n = 0(1)N, h fixed and éN =T,

approximating the integral term by some suitably chosen quadrature formula,
and solving the resulting equation for y(tn), successively for n = no(l)N,
where n, is some suitable starting index. Equation (1.2) is commonly solved

by integrating the differential equation in the points (1.3) (say), using

an LM formula for ODEs, thereby approximating z(tj)‘with some suitably

‘chosen quadrature formula. All these methods are called linear multistep

(M) direct quadrature (DQ) methods. DQ methods may give satisfactory results,
but sometimes the results with DQ are completely worthless as was demonstrated
for first kind equations by LINZ [9, p. 67], where he applied a fourth order

Gregory quadrature method to the very simple integral equation

(1.4) 0 = -sint + cos(t-t)y(t)dt, I = [0,2], with exact solution

Ottt

y(t) = 1.

The "approximate" values obtained for y(2) were 8.4 and 1.5 x 107 for
h = 0.1 and h = 0.05, respectively. For second kind equations too the Gregory
rules will fail if large Lipschitz constants for the kernel function with
respect to y are involved.

In this paper we present a general class of linear multistep methods
for (1.1) and (1.2) which includes the DQ methods. (It should be remarked
that such methods for second kind Volterra integral equations were already

introduced in [6] and results were presented without proof). A characteristic



feature of this class is that it involves linear combinations, not only

of y - and K - values, but also of values of the auxiliary function (called

the lag term)

S
(1.5) Y(t,8) 1= g(t) + J K(t,t,y(1))dt,

%o

for (t,s) € S. Note that we may write (1.1) as 6y(t) = Y(t,t).

This general class will be called Volterra linear multistep (VLM)
methods. VLM methods allow for a uniform treatment of the problems of con-
sistency and convergence, and have a pendant in linear multistep methods for
ordinary differential equations, as treated, e.g., by LAMBERT in [8].

In Section 2 of this paper we treat VLM methods for Volterra integral
equations of the second and of the first kind jointly. Numerical experiments
with several examples of VLM methods are reported. In a similar way as is
done in Section 2, Section 3 treats VLM methods for integro-differential
equations. It turns out that several results of Section 2 for second kind
Volterra integral equations can be used in Section 3. The proofs of the
theorems presented in Sections 2 and 3 are given, as far as they are non-

trival, in an Appendix to this paper.
2. VLM METHODS FOR VOLTERRA INTEGRAL EQUATIONS

2.1. The general VLM method

In order to state our general VLM method for (1.1) we introduce numerical

approximations y, to y(tn) and Yn(t) to Y(t,tn), and we let
(2.1.1) Kn(t) 1= K(t,tn,yn), n = 0.

We assume that Yn(t), t = tos will be computed by a quadrature formula of

the form

n
(2.1.2) Yn(t) := g(t) +h jZo wanj(t), n2>n,



where the an are given weights and n, is sufficiently large in order to

1
ensure the required order of accuracy. When we say that the order of this

quadrature formula is r, we mean that for any t 2 t

t
n
(2.1.3) En(h;t) i= .[K(t T,y(t))dt - h z W K(t t ,y(t N = O(hr)
=0
t
0

as h~+ 0, n~> o, with t = ty + nh fixed. An important class of quadrature
formulas, which includes the well-known Gregory formulas, are the so-called

(p,0) - reducible quadrature formulas [14].

Our general VLM method for (1.1) consists of
(i) the VLM formula

k

: k
(2.1.4) G 2 a.y .+ 2 z B.

LotiTen T Ly b i .)=h 2 X Y., )

n—l n+J 120 j=—k ij n—1 n+J

n= k" ()N,

|

(k* fixed) where oy Bij and Yij’ i=0(1)k, j=-k(1)k, are to be prescribed,
and

(ii) the quadrature formula (2.1.2) for the computation of Yn—i(tn+j)

In the VLM method the quantities yl,...,yk*_1 with k = k-l-n1 are assumed

to be precomputed by some starting method. Then y w20 s¥y can be succesively
computed using (2.1.4). Since the kermel K(t,t,y) is not necessarily

defined outside S, we require Bij = Yij =0 for j < -i. Furthermore, if

Bij’ Yij # 0 for j = 1(1)k we assume that the domain of definition of K

can be extended to points (t,T) with t < T+kh, T < T. It is convenient to

characterize (2.1.4) by the matrices
(2.1.5) A= (ai), B=(B..), C= (y,.)

where the row index i assumes the values 0(1)k and the colummn index j the
values ~k(1)k. (Note that for 6 =0 the values of the coefficients o, in
(2.1.4) are irrelevant.)

We now describe four subclasses of (2.1.4) used as illustrating

examples in this paper.



Subclass 1 Direct quadrature methods

Direct quadrature methods for (1.1) are characterized by the (1x1) matrices
A=1I, B=-I, C =0, for which (2.1.4) reduces to the simple scheme

eyn = Yn(tn), n= nl(l)N.

Subclass 2 Indirect linear multistep methods

In [6] methods for (1.1) (with 6=1) were considered in which the VLM formula
(2.1.4) is generated by the matrices

- - -
a, O by by --- bBgd
a b8y b8y ... B8
(2.1.6) A= 1| |, B= ) ) ) ,
2y | | 550 L R
. N -

where the a; and bi’ i 0(1)k, are the coefficients of some LM method

for ODEs and the Gi, i

]

0(1)k, are the coefficients of (k+1)~point forward
differentiation formula (Table 1 of the Appendix lists these for k = 1(1)5).
This VLM formula forms, together with (2.1.2), aso - called indirect linear
multistep (ILM) method for (1.1), not only for 6 = 1, but also for 6 = 0.
When the a; and bi are the coefficients of a backward differentiation method
(for k=1(1)5 these are listed in Table 2 of the Appendix), (2.1.4) represents
the so-called IBD (indirect backward differentiation) method, analysed in
[5] (in the case 6=1). For this method, we have b, = 1, b
byd; = a5, 3 = 0(1k,

It should be remarked that the ILM methods require the extension of

= (0 and

0 <0

the domain of definition S with the points {(t,t) | T< t < T + kh, t ,<T<T}.

o<



In this connection we observe that if S can also be extended to points with

t < T we may use backward instead of forward differentiation coefficients

6i in the IBD method, i.e., the matrix B is replaced by the matrix (Bij)

all elements of which vanish, except for those in the first row, which are given

by (b8, sbo8y_qsee-sbg8gs0seess0).

Subclass 3 Multilag methods
In [ 16,17]we find methods for (1.1) with 6 =1 which can be characterized by

the matrices

ec1n oa=| |,3=/0 O, ¢=|O ~O].

‘These methods were called multilag methods (ML) for (1.1) with 6 = 1. Here,
the a; and bi’ i = 0(1)k may be the coefficients of any LM method for ODEs.
Wolkenfelt has pointed out that in the case that the lag term Yn(t) is
computed by using a quadrature rule which is reducible to an LM-method for
ODEs with the same coefficients a, and bi’ then the resulting method is,

in fact, equivalent to a DQ method based on the same quadrature rule (provided,

of course, that identical starting values are used).

Subclass 4 Modified multilag methods
In [16]Wolkenfelt introduced a modification of the ML methods, viz., the
so-called modified multilag (MML) methods for (1.1) characterized by the

matrices

]

(2.1.8) A , B = ' :O \ c=O:O




The a; and bi are, again, the coefficients of any LM method for ODEs. A
common choice are the Adams-Moulton formulas (listed in Table 3 in the
Appendix, for k=1(1)5). As for ML methods, the MML method is algebraically
equivalent with the DQ method if in both methods the lag term formula is
based on the LM formula {ai’bi} and if the starting values would be

. . - <
identical, where v, Yn(tn) for n, < n < n, +k.

1 1

2.2. Consistency of VLM formulas for Volterra integral equations

1 . . . .

Let C2(S) denote the space of continuous functions Y(t,s), differentiable
with respect to s for all (t,s) € S. Along the lines of the theory devel-
oped for LM formulas for ODEs, we associate with the VLM formula (2.1.4) the
linear difference -~ differential operator L C;(S) + R, defined by
k

]
Jo{eaiY(tn_i,tn_i)+ jjlk [Bij APELE Pl

~1R

(2.2.1) Ln[Y] := .

RS

+j ’tn—

As is usual in the consistency analysis of numerical schemes for
functional equations, we now substitute the exact solution y(t) of (1.1) into
(2.1.4), and analyze the resulting residue. With the relations 8y(t) = Y(t,t)

and 9Y(t,s)/ds = K(t,s,y(s)), and (2.1.3) we obtain the equation

X k n-1i
izo{(e“iy(tn'i)4'j};k<eij[g(tn*j)+§zgowh~i,£K(tn+j’§K’Y(?z)]
(2.2.2) = =
k

k
-hyin(tn+j,tn_i,y(tn_i))>} = kn[Y]-izojigksijEn*i(h;tn+j)'

The second term in the residual originates from the quadrature formula
{(2.1.2) = (2.1.3)}, and is O(n") if E_(h;t) is O(h"). The first term

originates from the VIM formula (2.1.4) and will be called the Zlocal

truncation error of the VLM formula. In order to analyze it, we use the

following

Definition 2.2.1. The operator (2.2.1) and the associated VLM formula (2.1.4)

are said to be consistent of order p with equation (1.1) if for all
+ . .
X e c? l(S), which in the case of first kind equations (0=0) vantsh on the

line t = T, we have gn[X] = 0(hp+1) as h >~ 0 with nonvanishing error
constant, [J



The following two theorems express the p-th order consistency condi-
tions in terms of the parameters occurring in (2.1.4) for (1.1) in the

cases 6 = 1 and 6 = 0, respectively.

THEOREM 2.2,1, The operator L and the assoctiated VLM formula (2.1.4) are consistent
of order p with {(1.1), 6=1} <f qu =0 for q = 0(1)p, £ = 0(1)q, where

2.2.3) C °—.__1_..._..._ Ii [(__')q _ Ii .q—ﬂ(_.)t—l(,s ") )]
2.2 AN CE AR S i iB; s *+ly; ) s

with the convention that (—i)£_1£ =0zZfi=4L£=0. 0O

THEQREM 2.2.2. The operator L and the assoctated VIM formula (2.1.4) are
consistent of order pwith {(1.1), 6=0} <f qu_ =0 for q = 1(1)p, £ = 1(1)q,

where

k

(2.2.4) By i= w—pyTpT If T G- Gy s
ql (Q“ )- .i=0j=‘k

.2 .2
ij(J -i7)-

i (qi+qi-2£3)1. O

The various orders of consistency of the illustrating subclasses
introduced in Section 2.1 can now be found by substituting the relevant
values of the parameters sy Bij and Yij into the above two theorems. The

results are summarized in the following corollary.

Corollary 2.2.1. Let ; be the order of consistency of the LM formula for
ODEs defining the coefficients {ai,bi} in Subclasses 2, 3 and 4. Then the

order of consistency p of the operator L and of the assoctated VLM formula

(8.1.4) with equation (1.1) is given by

o for Subclass 1 (DQ);
P = ymin {k,;/G} for Subclass 2 (ILM);
P both for Subclasses 3 and 4 (ML resp. MML). [

Note that for 6 = 0 in the ILM case this corollary gives p = k, Zndependent

of the order of consistency p, and, in fact, in this case the {ai’bi} need



not represent an LM method for ODEs at all.

Let us assume in the rest of this section that the VLM formula (2.1.4)
is consistent of order p with equation (1.1). From the proofs of Theorems
2.2.1 resp. 2.2.2 it follows that the local truncation errror kn[Y] can be

expressed in terms of the constants defined in (2.2.3) resp. (2.2.4) as

follows:
p+1 _

(2.2.5) Ln[Y] = hp+1 C +1 ZY(p+l K’K) + O(hp+2)’ as h > 0,
£=0 P77

resp.
ptl _

(2.2.6) L, [Y] = nP*! g . 2D LD oy Lo,

~n o1 p+1,L
where'

Y(i’j) o= (B/Bt)i(a/BS)jY(tas)It=s=t 4
n

Z(i’j) = (3/3u)i(3/3v)jZ(u,V)|u=2t v=0"
n’

Z(u,v) := YCE%nggzé.

In order to compare the values of the error constants C and B

p+l,L p+l,L
for the various subclasses introduced in Section 2.1 we have evaluated and
simplified the expressions for these constants as much as possible, and

obtained the following results.

For 6 = 1 Corollary 2.2.1 gives for the ILM formula: p = k provided
that 5‘2 k (which is a reasonable assumption, true, e.g., when the LM formula
for ODEs is a Backward Differentiation formula (;=k) or an Adams-Moulton

formula (;=k+l)). Hence,

~1yP!

with R = k!bi if £ =0and R=0 if £ = 1,2,...,p+l. For the (M)ML formula,
Corollary 2.2.1 gives p = ; and we found



10

0 if £ < P>
C = -1 Kk - S.
p+l,L (-1 D - )
’ (p+1-2) 1L! izo 1 [lai+(P+1)bi] if £ =p + 1,

In Table 2.2.1 the numerical values of the comnstants Cp+1 g are
9
explicitly given for two popular choices of the coefficients {ai’bi}’ viz.,

the BD formulas and the AM formulas.

* 1
Table 2.2,1. Error constants C 1,0 Cp+1,£ FACTSE AN £ = 0(1)p+l
VIM[1M] ) =1 k=2 k=3 k=4 k=5
72 14400
=2 o =12 9 - 14400
p+1 0 11 137
p+1.£> 0 3 11 25 137
N { 01,0 = -1 2 -6 24 -120
p+1 250 =0 0 0 0 0
=0 0 0 0 0
p+l,L< ptl
(GOMLLED] { o, 4 .36 288 _ 7200
p+1,p+] 3 11 25 137
= 0 0 0 0 0
M p+1,L < p+l
(MMLLAMT  k+1 { - y 19 27 863
p+1,p+1 6 2 12

For 6 =

0 and in the case of the ILM formula, Corollary 2.2.1 gives

p = k, while the coefficients {bi} can still be chosen freely. For the

error constants we found

For the MML formula,

p+l, 2L =

-1y %!

(p+1-L) TZ?

k

Y

Corollary 2.2.1 gives p =

and for the error
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constants we found

(_l)p“'l"f, k D
Bosl 2 = pri-By LT izo iPlia + (p+DDb,], 1<Lsp+ 1.

In Table 2.2.2 the BP+1 ¢ are given for the BD formulas (cf. Table
b
2.2.1).

* 1
Table 2.2.2 Error constants Bp+l,£'-Bp+l,£ CTSE AR

-2 = 1(1)p+l1
VIM[LM] P k=1 =2 k=3 k=4 k=5
* 4 36 288 _ 7200
ILMLBD] k BPH’E = -] 3 1T 5 337
| N -23 BV AR _ 4 _36 288 _ 7200
MMLLBD] Kk (-1) Bovl, b 1 3 - 5= ST A

2.3, Convergence

We first give a definition of convergence.

Definition 2.3.1. A VLM method is said to yield a convergent solution

for (1.1) if v, y(tn) as h >~ 0, with t, =t fixed, holds for all convergent

starting values {yi,Yi(tj)}, i=1,...,k=1, j=-i,-i+1,...,k-1i. 0O

Before considering the convergence of VLM methods for (1.1) we answer
the question to what equation the numerical scheme (2.1.4) converges if
we substitute a sufficiently differentiable function y(t) (not neccessarily
the exact solution) and if we then let h tend to zero in a fixed point.

To that end, we define the polynomial



12

g k-1
(2.3.1) a(z) := 2 .z
i=0
and the quantities
k
(2.3.2) A =) -D%., q=0,1,....
1 =0 t

We observe that A = a(l), Al

0 a'(1) - ka(l),... .

THEOREM 2.3.1. If sufficiently differentiable functions y(t), g(t) and
K(t,T,y) are substituted into the VLM method, then the method converges
to the equation

m A  .q q A
q d ___4a 3 yq~£ 3
(2.3.3) qzo ni{2 L KZO R SCEAREL e, 03

—omF + 1™y ash o0

‘where r is defined in (2.1.3), qu in (2.2.3), and m is some integer = 0
determined by the differentiability of y, g and K. [

Examples. In the case of the DQ method for {(1.1), 6=1} we have A, = 1, so

that we infer from Corollary 2.2.1 and Theorem 2.3.1 that the numgrical

scheme converges to the equation y(t) - Y(t,t) = 0 as h > O, which is the
original equation (1.1). In the case of the DQ method for {(1.1), 8=0} we
have COO==1, so that it easily follows that the numerical scheme converges
as h -~ 0 to the equation Y(t,t) = 0, also the original equation (1.1). In
the case of the ILM method for (1.1) it is not difficult to show tHat if

the coefficients {ai’bi} in (2.1.6) correspond to a convergent LM formula
for ODEs, then the numerical scheme converges, as h -+ 0, to the differen—

tiated Volterra equation 0y'(t) = K(t,t,y(t)) + Yt(t,t). O

In order to present convergence theorems for VLM methods, we need
the following concepts and definitions: A polynomial is called simple
von Neumann if its zeros lie on the unit disk, those on the unit circle

being simple. A polynomial is called Schur if its zeros lie within the



where y(t) is the exact solution of (1.1) resp.

are the corresponding functions defined in (1.5) resp.

w

13

define

k-1

)

j=-i
k=i

.
s 9

1]

=i M

1= max|w F
i
i,]

*
- K(t,s,v ),

unit circle. Besides a(z) defined above, we
koo
(2.3.4a) B(z) := ) B.z' - where B, :=
i=0 * *
(2.3.4b) y(z) := z Y.z "1 where Y. &=
i=o * *
Furthermore, we need
(2.3.5) b := max[B1 |, ¢ := maxly l,
,J ,J
*
AR(t,s,y,y ) := K(t,s,y)
(2.3.6a)
AE(h) := max |E.(h; t ) - E, (h t.. )1,
i<jen i j+L
L<k
E(h) := max |E. (h; £ ),
i<i<N i +£
. £<k
(2.3.6b) T(h) := max|L.(V)],
isy t
5(h) := lye) - vl
1<J<k -1

(1.2) and Y(t,s), Yn(t)
(2.1.2). E(h) is

the maximal error arising in the approximation of the lag terms Yn(t)

during the integration process until t = T, T(h) may be considered as the

maximal Zocal truncation error of the VLM formula (2.1.4) until t

§(h) is the maximal starting error.

2.3.1. Second kind equations

= T, and

We are now in a position to state a general convergence theorem for

VLM methods in the case of second kind equations (6=1), which provides

an estimate for the global error

(2.3.7) e, i= y(tn) -y,
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THEOREM 2.3.2. Let the conditions for the existence of a unique solution
v € C(I) of {(1,1),6=1} be satisfied (see Section 1).

(a) If o(z) = aozk, ocO%O, then there exists a constant C > 0, independent
of h, such that for h sufficiently small

le_| < Clhs(h) + E() + T(W)J, n= K, N,

(b) If o(z) is simple von Neumann, if B(z) = O, and if AK satisfies the

(uniform) Lipschitz condition
* * * * *
IAK(t,s,y,y ) = AR(t ,5,¥,y ) | < L‘t—t l l'y_y |,

for all (t,s,7), (£,5,5), (£,8,5), (t7,8,57) € $x{|y| <=}, where the
Lipschitz constant L is independent of t,t*,y and y*, then there exists a
constant C > 0, independent of h, such that for h sufficiently small

*

le | < ch '[hs(h) + AE(h) + T(W)], n=k',...,N. O

Using Theorem 2.3.2 it is easy to derive the orders of convergence of
the subclasses introduced in Section 2.1. The results are given in the

following

Corollary 2.3.1. Let p be the order of consistency of the LM formula for ODEs defin-—
ing the coefficients {ai’bi} employed in the ILM and (M)ML methods, let
§(h) = 0(®%), E(h) = 0(0") and AE(h) = O(hr+1) as h + 0. Then the order

of convergence p is given by

min{s+1,r} for the DQ method
min{s,r,;,k} for the ILM method
min{s+1,r,;+l} for the ML method
[min{s,r,;} for the MML method

The convergence analysis of the DQ methods goes back to KOBAYASI [7],
LINZ [9] and NOBLE [13]. The (M)ML methods were proved to be convergent
in WOLKENFELT [161].
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It is known (cf. [6,16]) that VLM methods which have B(z) = O behave
more stable then DQ methods if large Lipschitz constants for 3K/dy are
involved. The maximal attainable order of convergence of these VLM methods

is expressed in the following

Corollary 2.3.2. Let §(h) = 0(b%), AE(h) = 0(h"*)) as h + 0, Let a(z)
be simple von Neumann and let B(z) = 0. Then the order of convergence p
of the k~step VLM method {(2.1.4); (2.1.2)} satisfies -

b < {min(s,r,k+1) for k odd,

min(s,r,k+2) for k even. [

From this corollary it follows that the MML methods are of
maximal attainable order of convergence if we choose the generating LM
formula {p,0} to be optimal, that is, of order k + 1 when k is odd and of
order k + 2 when k is even. We note that the restriction p < k in the ILM
methods is due to the use of a k-step forward differentiation formula {Gi}

_in the generating matrix B (see (2.1.6)).

2.3.2 First kind equations

Now we shall give convergence theorems for VLM methods for Volterra
first kind equations (6=0). We restrict our attention here to linear

equations, i.e., we assume in (1.1) that
(2.3.8) R(t,1,y(1)) = K(t,1)y(1).

We first give the following convergence theorem of WOLKENFELT [14] for
(p,0)-reducible DQ methods.

THEOREM 2.3.3. Let the conditions for the existence of a unique solution
y(t) € C(I) of {(1.1), 6=0} be satisfied (see Section 1), where K(t,T,y)

18 of the form given in (2.3.8). Let A=0, B =1, C=01<n (2.1.5) (DQ
formula) and let the weights in (2.1.2) be given by a (p,0)-reducible
quadrature Fformuila of order r = 1, where o s simple von Neumann. Then

there exists a constant C > 0, independent of h, such that for h sufficiently
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small

|en| < C[8(h) + E(h)], n = Kk,...,N. 0

PROOF. See [141].

THEOREM 2.3.4. Let the conditions for the existence of a unique solution
y € C(I) of {(1.1), 6=0} be satisfied . Let B(z) = 0 and let v(z) be Schur.

Then there exists a constant C > 0, independent of h such that for h suffi-
ctently small

le | < ch™ ' [ha(h) + AE(R) + T(W)1, n = K'yeou,N. 00

Observe that this convergence result is identical to that obtained for
VLM methods for {(1.1), 6=1} with B(z) = 0 (Theorem 2.3.2(b)). Now it is
easy to derive from Theorems 2.3.3 and 2.3.4 the orders of convergence of

the DQ, ILM and MML methods for {(1.1), 6=0}. The results are summarized
in the following

Corollary 2.3.3. Let p be the order of consistency of the LM formula {p,o}
employed in the DQ lag term formula (2.1.2) and let p be the order of

consistency of the LM formula for ODEs employed in the MML formula (2.1.8)
(with A=0). Furthermore, let §(h) = 0(h%), E(h) = 0(h¥) and AE(h) = O™ 1)

as h + 0. Then the order of convergence p is given by

min{s,p} for the DQ method with o being simple von Neumann,
p = ymin{s,r,k} for the ILM method with y being Schur,
min{s,r,;} for the MML method with Yy being Schur. [

WOLKENFELT [15] has also given a convergence theorem for MML methods
for nonlinear equations {(1.1), 8=0}, with the following restrictions on the

coefficients Bij and Yij: B(z) = 0, Y00 # 0 and all other Yij vanish.

2.4 Numerical experiments

In this section we present the results of numerical experiments in
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order to support and illustrate the convergence behaviour of VLM methods
for (1.1) as predicted by Corollaries 2.3.1 and 2.3.3, by applying various
DQ, ILM and (M)ML methods to a number of problems.

The required starting values for Vi 0 <i<n, +k, are taken from the

1
exact solution y(ti) (so that s=» in Corollaries 2.3.1 and 2.3.3), and values

of the lag term Yn(t) required in (2.1.4) for n = n, are computed with a

Gregory quadrature rule in (2.1.2) of the proper oréer. The coefficients
{ai’bi} in the ILM and (M)ML formulas are taken from Tables 2 and 3 of the
Appendix. The values of r, p and k in Corollary 2.3.1 and of r, p, p and
k in Corollary 2.3.3 are chosen as small as is allowed by the theoretical
order to be tested. _

In the tables of results we present the number of correct significant

digits in the end point T, i.e., the value of

(2.1.4) sd(h) := ~log, (ly(M-yl/Iy(MD, T= ty = Nh.

Moreover, we list the effective order of the method, viz., the value of
(sd(h)—sd(Zh))/loglOZ. This value should tend to the asymptotic order of
convergence as h - 0 and will tell us therefore

(i) whether the asymptotic, theoretical order of the numerical scheme is

correct, and

(ii) how fast the asymptotic order is reached.

2.1.4, Second kind equations ((1.1) with 6=1)

Example 2.1.4 (GAREY [2], adapted)

K(t,T,y) = -A+£n(l+t=1)y,
g(t) = 1-t+>\[£(1—t2)«ﬁn(l+t)+%t2—&t],
Y(t) =1-t,

[tO,TJ = [0,4].
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For A=4 and A =100 Tables 2.4.! and 2.4.,2 give the results obtained

with DQ, IIM and M ML methods of asymptotic order 5, where for the

coefficients {ai’bi} employed in the IIM and (M)ML methods we used the

coefficients of the Adams-Moulton formula of the proper order. Gr means

that for the lag term we used a Gregory rule of order r and AM; means that

a S—th order Adams-Moulton formula was used.

Table 2.4.1 Example 2.4.1 with A = 4

h DQ(GS) ILM(GS—AM6) ML(GS-AM4) MML(Gs—AMS)
1/4 4,6 3.4 . 4,3 6.1
>4.6 >3.8 >4.8 >3.9
1/8 6.0 4,5 . 5.7 7.3
>5.0 > 4.5 >4.6 >3.2
1/16 7.5 5.9 7.1 8.2
>5.0 > 4,7 >5.0 >4.0
1732 9.0 7.3 8.6 9.4
>5.0 > 4.8 >5.0 >4.6
1/64 10,5 8.8 10,1 10.8
Table 2.4.2 Example 2.4.1 with A = 100
h DQ(GS) ILM(GS—AMG) ML(GS—AMA) MML(GS—AMS)
1/4 -6.5 1.8 -3.7 -2.4
>30 >8.9 >25 >22
1/8 2.3 4,5 3.7 4.2
>13 >4, 1 >8.2 >16
1/16 6.3 . 5.8 6.2 9.0
>5.8 >4 .4 >4.,7 >2.3
1/32 8.1 7.1 7.6 9.7
>6.8 >6.4 >5.8 >2.5
1/64 10.1 9.0 9.3 10,4
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The example with A = 4 shows that the correct asymptotic order p = 5
is reached by all methods for not too small integration steps. For relatively
large values of h the MML method shows the most accurate results, The ILM
method shows an accuracy about 1 - 2 digits less than the other methods,
due to larger error constants (cf. Table 2.2,1). The example with A = 100
shows that the ILM method is stable for "realistic" wvalues of h (in view
of the behaviour of the exact solution, integration steps h = 1/4 or h = 1/8
should be small enough for representing the function y(t) = 1-t), whereas.
the other methods develop instabilities. If h is decreased the (M)ML
methods become more accurate than the ILM methed. Except for the ML method
this experiment does not yet demonstrate the asymptotic order p = 5.

Thus, we conclude that the (M)ML methods are superior for nonstiff
problems (h|3K/3y| small), and the ILM methods superior for stiff problems
(hlSK/By] large).

2.4,2 First kind equations ((1.1) with 6=0)

Example 2.4.2 (GLADWIN [3])

K(t,t,y) = cos(t-T)y,
g(t) = —exp(t) - sin(t) + cos(t),
y(t) = exp(t),
[tO,T] = [0,4].

Table 2.4.3 gives the results obtained with DQ, ILM and MML methods of
asymptotic order 4 and 5, where for the coefficients {ai’bi} in the ILM
and MML methods we used the coefficients of the backward differentiation

formulas of the proper order. BD, means that a k-step (k-th order) BD

k
formula was used,
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Table 2.4.3 Example 2.4.2

h  DQ(G,) ILM(G,~BD,) PM(G4-BD4)}DQ(G5) ILM(G4-BD) MML(G,~BD,)

!
|
1/10  -7.6 4.3 3.9 , —11 5.6 4.9
>4.1 >3.8 >4.9 >4.9
1/20 -21 5.5 5.1 | =29 7.0 6.4
>4.0 >3.9 | >5.0 >5.0
1/40 - =50 6.7 6.3 I ~65 8.5 7.9
>4.0 >4.0 | >5.2 >5.0
1/80 -109 7.9 7.5 v =140 10.1 9.4
1
|

For the ILM and the MML methods the results show that the correct asymptotic
- order is reached already for relatively large values of h. The apparent
unstable behaviour of the DQ(GA) and DQ(GS) methods is explained by the

fact that the Gregory quadrature formulas of order 2 3 are (p,0)-quadrature
formulas for which the o-polynomial is #not simple von Neumann (cf. Corollary
-2.3.3). Unlike its performance for second kind equations, the ILM method

is here more accurate than the MML method.

3. VLM METHODS FOR VOLTERRA INTEGRO-DIFFERENTIAL EQUATIONS

3.1. The general VLM method

In analogy to the VLM formula (2,1.4) for Volterra integral equations
we formally define the VLM formula for Volterra integro-differential

equations (1.2) as follows:

k k
* *
(3.1.1a) ~2 sy s = h 'E s fn—i’ fn 1= f(tn,yn,zn),
i=0 i=0
RS 5 5, v
(3.1.1b) Yo,z . o+ B..Y .(t . .)=h}) v, K (e ),
j20 o7l L2y 2k ij n-1" nt+] =0 j=—k il n-i" nt+j

n =k (N,

where Yn(t) is defined as in (2.1.2) and {ui*’yi*}?=0 are the coefficients
of some LM method for ODEs., These formulas (3.1.1), combined with (2.1.2),

will be called a VIM method for integro~differential equations. Formula
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(3.1.1b) can be characterized by the parameter matrices A = (ui),B==(Bij),

(Ylj)

When we compare (3.1.1) with (2.1.4), it is clear that all methods
defined for second kind Volterra integral equations by specifying the
matrices A, B and C in (2.1.5) and the quadrature weights Whj in (2.1.2),
can be extended to methods for Volterra integro-differential equations by
specifying the coefficients {ai*,Bi*} of some LM method for ODEs. In this
way, we define DQ, ILM, ML and MML methods for (1.2) where the matrices
A, B and C are specified in Section 3.1, Subclasses 1, 2, 3 and 4, respec—
tively. For example, any DQ method for (1.2) is specified by A =1, B = -1,
C = 0, which gives z = Yn(tn) for (3.1.1b), -

An alternative way to arrive at the VLM formulas (3.1.1) is obtained as

follows. We first integrate (1.2) formally, which results in the system of

Volterra integral equations of the second kind

y(®) =yt + | £(r,y(0,2()as,

(3.1,2) 0

z(t) K(t,t,y(t))dT.

g(t) +

T
o Tt ot

Next, we apply the VLM formula (2.1.4) to this system with parameter

* * . .
matrices (A ,B*,C ) and (A,B,C) for the respective components, i.e.,

Py v 1 3 Pl
@Y s B _ ) h Y Y _esZ L)
joo I m 120 j=k ij n 1 120 j=—k n i’n-1i’"n-1
1
T Pl Py
o.z .+ B. - (t_..)=h K( " ‘9y_‘)’
jo0 bl L2, j=k 1J n-i' n+j 120 j=—k 14 n~1i’’n~1i
where Yn*(tj) is an approximation to
s
*
Y (t,s) := y(to) + j f(t,y(t),2z(1))dr
)
at t = tj’ s = tn' Here, however, both Y* and £ do not depend on t so that,
ok * . * k

* *
i : ) .. = i . = I, .. d
by putting 6 ZJ=-k BlJ 0 and writing Y; ZJ=—k YlJ we have reduce
(3.1.1") to (3 1),
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3.2, Consistency of VLM formulas for integro—differential equations

With the numerical schemes (3.1.1) we associate the linear difference-

differential operators E; : CI(I) -~ R and £n : C;(S) + R, defined by

(3.2.1a) L:[y] :

]

2 [a -v; Th= t]y(tn_.)

1
i=
and
k k
(3.2.1b) gn[Y] 1= iZo{aiY(tn_i,tn_i) + jjék[BiJ i3 3S]Y(t LS i)}’

where y and Y are arbitrary functions from Cl(I) and C;(S), respectively.
Now we substitute the exact solution y(t) and z(t) of (1.2) into (3.2.1)
and obtain (cf. (2.2.2))

k
* *
iZOEGiY(tn_i)"Yihf(tn_i,y(tn_i)’z(t M1 =1 [y]
k k ~
'E {aiZ(t )+ _; [BlJ n—l(tn+j)-.Yithn—i( n+J)]}
i=0 ==k
k
- I‘H[Y]-iZo JZ By iEnmg (M3, )

L [Y1+0(h") as h >0,

where §n—i(tn+j) and En—i<tn+j) are defined by (2.1.1) and (2.1.2) with v,
replaced by y(tn) and when r is the order of the quadrature error Eno

This shows the connection of the operators (3.2.1) with the VLM formula
(3.,1.1), The quantities L;[y] and Ln[Y], with y and Y corresponding to the
exact solution of (1.3), are called the local truncation errors of the

VLM formulas (3.1.1). In analogy to Section 2.2 we use the following

Definition 3.2.1. The operators (3.2.1) and the associated VLM formulas

(301.1) are said to be consistent of order p* and p with the equations
. , p*+1 p+l . * p*+l
(1.2) if for all yeC (I) and for allYe C* "(S),wehaveL [y1=0(h ) and

Ln[Y]==0(hp+l) as h-+0, with non-vanishing error constants. [
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Since g; is of the same form as the linear operator gn occurring in
ODE theory (compare LAMBERT [8, p. 23]) the consistency conditions for
L: are also of the same form. (It should be remarked that in the derivation
of the consistency conditions we expand y(tn—i> and y'(tn_i) as Taylor
series about tn’ whereas Lambert expands about tn_k.) Similarly, since gn
defined in (3.2.1b) is identical to the operator defined in (2.2.1), the
consistency conditions for Ln are also known already. Therefore, the following

consistency theorem is immediate.

THEOREM 3.2.1. The operators E; and L and the associated VLM formulas
(3.1.1) are consistent of order p* and p with (1.2) if Cq = 0 for

q=0,1,...,p* and Cq!Z:O for ¢q=0,1,...,p, £=0,1,...,q, where

C :=
q

-ne k.

( 12 z i4 l[ia;-Pqu]
9 i=0

and where Cqﬂ s defined in (2.2.3). [

Evidently, p* equals the order of consistency of the IM method for
"ODEs with coefficients {aI’Y;}' Furthermore, in the case of the DQ, ILM,
ML and MML formulas, p is determined by the expressions as derived for the
operator kn for second kind Volterra integral equations in Corollary 2.2.1.
The values of the error comstants C . andC , 0 L<p+1,
+1 p+1,L
follow easily from those given in Table %.2.1 (for a number of popular

methods for second kind Volterra integral equations).

3.3. Convergence

As we did for the Volterra equations of first and second kind we first
consider the continuous problem to which the VLM method {(3.1.1); (2.1.2)}
converges as h - 0. We assume that the LM formulas in (3.1.1) are consistent
and that A1 = 0'(1) - ka(l) # 0 (see Section 2.3). Then, for sufficiently

smooth functions g, K and £ the VLM method converges to the equations

y'(t) = £(t,y(t),z(t))
(3.3.1)

a(l)[z(t)-—Y(t,t)]-+(a'(l)—ku(l))h[z'(t)-Yt(t,t)-Ys(t,t)] =0
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as h ~ 0 (see the proof of Theorem 2.3.1). Thus, if a(1) # 0 (DQ and ML
method), then the VLM method is a direct discretization of (1.3). If a(l) =0
(ILM and MML) (and o'(1)#0 by assumption), then the linear method converges

to the system

y'(r) = £(t,y(t),z(t))
(3.3.2) t
z'(t) = K(t,t,y(t)) + g'(t) + J K (t,7,y(1))drT,
v
0

that is the system (1.3) where the expression for z(t) is differentiated
with respect to t. -
Next we present a general convergence theorem. In the proof it is convenient
to use, in addition to the notation introduced in Section 2.3, the notations
= z(t -z
nn ( n) n’

Af := f(tn,y(tn),Z(tn)) - f(tn,yn,zn) s

(3.3.3) . . .
T (h) := max |L [yl], § () := max |z(t,)-z.|,
1<N 1. jSk—l . J ]
oF(z) 1= X ol

a.z
i=0 i ’

where z and y correspond to the exact solution,

THEOREM 3.3.1, Let the conditions for the existence of a unique solution

y € CI(I) of (1.2) be satisfied (see Section 1). Let a(z) and o™ (2) be

simple von Neumann.

(a) If o(z) = uozk, o, # 0, then there exists a comstant C > 0, independent
of h such that for h sufficiently small

Ien] < CL8(h) + h8™ (h) + E(h) + T (h) +h‘1T*(h)], n=k",...,N.

(b) If 8(z) = 0, then there exists a constant C > 0, independent of h such
that for h sufficiently small

1 1

|en| < CL&(h) + 8" (h) +h JAE(R) +h T(h) +h T (W1,

n=k”,...,N. a
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Using this theorem, it is easy to derive the orders of convergence
of the various examples of VLM methods for Volterra integro-differential

equations described in Section 3.1. The results are given in the following

Corollary 3.3.1. Let p* and E be the order of consistency of the VLM
formula {a7 N ! employed in (3.1.1a) and of the LM formula {a 2bs } employed
in the (MQML and IIM methods, respectively; let 8(h) =0(%), s (h)"O(h ),
E(h) =0(h"), AE(h)==O(hr+1) as h+0. Then the order of convergence p of the
VLM method {(3.1.1); (2.1.2)} <s given by

min(s,s*+l,r,p*) for the DQ method
min(s,s*+1,r,p*,;+l) for the ML method
min(s,s*,r,p*,;) for the MML method
min(s,s*,r,p*,s,k) for the ILM method. [

The convergence of the conventional DQ method has already been
studied by LINZ [10] and MOCARSKY [12]. The convergence results for the
. (M)ML methods has already been given in WOLKENFELT [16].

3.4, Numerical experiments

In order to illustrate the convergence behaviour of VLM methods for
(1.2) we have tested the DQ, ILM and (M)ML methods of orders 2, 3 and 4.
For the two ODE-LM formulas involved in (3.1.1) we chose the backward
differentiation formulas. As in the experiments for (1.1), the lag term

Yn(t) was evaluated with a Gregory quadrature rule of the proper order.

Example 3.4.1. (LINZ [10], MOCARSKY [12], MAKROGLOU [111])

2
f(t,y,2z) = 1-t.exp(-t") +y - 2z, y(0) =

tTexp(—yz), g(t) =

i

K(t,T,y)

y(t) = t: [to’T] = [0’2]

Table 3.4.1 gives the results of our experiments. The ILM method is the
less accurate one, the DQ and (M)ML methods exhibit a varying accuracy

behaviour.
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Table 3.4.,1 Example 3.4.1

second order methods (with {a:,y;}=BD2 in (3.1.13))
h DQ(GZ) ILM(GZ-BDZ) ML(GZ-BDl) MML(GZ—BDZ)
1/10 2.2 3.3 2.2 1.8
>2.0 >=-2 >2.2 >2.0
1/20 2.8 2.6 2.8 2.4
>2.0 >1.3 >2.0 >2.0
1/40 3.4 3.0 3.5 3.0
third order methods (with BD3 in (3.1.1a))
h DQ (G3) ILM(G3—BD3) ML (G3—BD 2) MML (GB-BDS)
1/10 3.6 2.4 2.9 3.3
>2.8 >2.3 >2.7 >4.,7
1/20 4.5, 3.1 3.7, 4.7
>3.9 >2.8 >3.0 >4, 1
1/40 5.4 3.9 4.6 6.0
fourth order methods (with BD4 in (3.1.13))
h DQ(G,) ILM(G,~BD,) ML(G,-BD,) MML(G,-BD,)
1/10 4.0 3.2 3.6 . 3.6
>3.7 >4.,5 >4.0 >3.1
1/20 5.1 4.6 4.8 4.6
>3.9 >6.2 >4.1 >3.9
1/40 6.3 6.4 6.1 5.7
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APPENDIX

In this appendix we present, successively,

(i three tables of coefficients of forward differentiation formulas, and
of two common LM formulas for ODEs, viz., backward differentiation
formulas and Adams-Moulton formulas;

(ii) two lemmas which are needed in:

(iii) proofs of the main results of this paper, as far as they are non-

trival (in the opinion of the authors).
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Table 1 Coefficients of forward differentiation formulas
-1 k

A N
K 8 g, s, R 8, 6
1 1 -1
2 3/2 -2 1/2
3 11/6 -3 3/2 ~1/3
4 25/12 -4 3 - ~-4/3 1/4
5 137/60 -5 5 - -10/3 5/4 -1/5
Table 2 Coefficients of the backward differentiétion formulas

. ) k

for ODEs f'(t) = g(t): iZoaifn_i = bogn

k ay a a, ag a, ag b0
1 1 -1 1
2 1 -4/3 1/3 2/3
3 1 -18/11 9/11 -2/11 6/11
4 1 -48/25 36/25 -16/25 3/25 12/25
5 1 -300/137 300/137 -200/137 75/137 -12/137 60/137
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Table 3 Coefficients of the Adams-Moulton formulas '

k
for ODEs £'(t) = g(t): £ - £ ;= ] bg .
i=0
Kk b, b, b, by b, b,
1 1/2 1/2
2 5/12 2/3 -1/12
3 3/8 19/24 ~5/24 1/24
4 251/720 323/360 -11/30 53/360 -19/720
5 95/288 1427/1440 -133/240 241/720 -137/1440 3/160

LEMMA A,1, Let z = 0 for n = 0,1,...,N, and suppose that

n—1

z_<hC, ) z, +C

Lo B 9y M= kyk+l,...,N,
1=

where k > 0, h > 0 and c; > 0 (i=1,2). Suppose, moreover, that zj < z/k
for 3 = 0,1,.0a,k=1. Then

z_ < (hC z+C) (1+hC D™, 1 = k,k+l,..0 N,

PROOF., See [ 4 1.

LEMMA A.2. Consider the linear imhomogeneous difference equation with

constant coefficients cj:

a.1) ;Oyn-l-k * Clyn-i-k—l Foeee F 2;k,y'l?x = gn+k’ n =0,

where {gn} 18 a gtven sequence, independent of the y_.

() Iff the characteristic polynomial %(z) w=2?=0;jz -3 s simple von

Neumann (cf. Section 2.3) then the solution of (A.1) satisfies the inequality
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n
lyl cl max |y.| + ] le.l}, n=zk,
0<j<k-1 3 j=k 3

where C 1s independent of n.

(i2) Iff t(z) is Schur (cf. Section 2.3) then the solution of (A.1) satisfies

the inequality

]ynl < c{ max |y.| + max |g.|}, n >k,
0<jsk-1 k<j<n

where C is independent of n.
PROOF, See [ 4 1.

PROOF OF THEOREM 2.2.1. Taylor expansion of Y(t
yields

. . t
n+J’tn—1) around (tn, n)

K P
L[¥]= ) { Iy pdig-idy (e,
o =0 q=0 %°

o1, ) Z donG 1 e}

5=k (e >t )

+ 0P as n -+ 0.

Writing this formula in the form

+ omPth

P
- 1 .q
L [Y] = Z T b (DqY)I(t

t
n’ n)‘

and expanding the differential operator Dq by the binomial theorem we find

k 5 q k 3 q-1
Dq = izo{al( 1'5-{"‘ 1———) +j=z [JBl -'B"E - (15 1_])38:”:]—.—‘ 1"3'-;] }

q

k
= ] 2{( -i)%, - T jtent gUETIRYIN 1}(@( 7t HE,
K—Ol-O j==k
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where (—i)z—lﬂ is assumed to be zero for i = £ = 0. Equating to zero all

terms in the ZE=O yields the order equations (2.2.3) and at the same time
L (V) = 0hP*!) as required in Definition 2.2.1. [

PROOF OF THEOREM 2,2.2, Taylor expansion of Y(tn

"tn—i) around (tn,tn)
yields

+J

In order to exploit the fact that Y(t,t)

il

0 (see definition 2.,2,1), we
introduce the variables u =t + s and v = t — s and write

u+t+v u-v
Y(—E—, “§~9 =: Z(u,v).

Y(t,s)

.The identity Y(t,t) = O implies that Z and all its derivatives with respect

to u vanish for u = 2t and v = 0, In the following we use the notation

n
z(n’m) .= _E_EEEL(gt ,0).
aulav® T

By means of the binomial theorem we have
P
1

. 3 . .3 1
' quqrth(J"l)‘a‘a* (J“)’an'qZ(“’V)l(Ztn,o) + 0™

(A.2) Yt . .,t

n+j’> n—i

it
Il ~10

@ G-0T G T 0P ) ash > 0

q
)
q=0 £=0

and
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p 4
(A3) hYs(tn+j’tn~i) ) a%—hq+1(%)(j—i)q_z(j+i)£[z(q—£+l’ﬂ)-z(q°£’£+1)]
q=0£=0 4°
+ omPHly
P ¥y 4 q-2-1 £-1 (q-L,2)
= 1 ] =G Gy rqieqic2ey12 9%
q=0£=0q' L

+ 0Py as n - o.

Substitution of (A.2) and (A.3) into Ln[Y] and using Z(q,O) = 0 yields

P q
1 .q q

CLlYl= ) =1t § (hHB ,z

n =1 & 221 L gl

(q-£,4) p+l

+ 0(h" ) as h >0

where'Bqt is defined in (2.2.4). This proves the theorem. [

PROOF OF THEOREM 2,3.1,

PROOF, Taylor expansion in a fixed point t = t yields, respectively,

1 . 1
ik dy(e ) + 0™,

fal
o
N}

n-i(tn+j) - Y(tn+j’tn—i) - En—i(h;tn+j)

T 1.q,.3 .93.q r , m+l
= qu Trh Uy -igg) ¥t e ) + 0T +n )

m q q-£ I'Y
- 1 g .q~L, .. £,q, 3> 70
A A S e A

+ OE+n™ !

9
Kn—i(tn+j) B K(tn-!-j’tn-i’Y(tn—i)) - 'B—EY(tn+j’tn—i)

o - aqa et
L q= .q=2, .. £-1,q,, 3* 79
= ) St 3 DT e R e e )
q=04° £= L7 a-tyt '
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From these expansions it is immediate that the VLM formula (2.1.4) satisfies

the relation

k k
’ ~ }
(A.4) izolaiSY(tn_i) + jj{k PR SN EL Y70 P CROR
m BA q £ . £
_ af""q dy ___Ag 39Ty
= qz h {—a-r;l-g (tn) +£§_0 (qu T )T o= )!)3t s Y(tn’tn)}

m+1

+ 0" m™ )

where Aq and qu are defined by (2.3.2) and (2.2.3), respectively. Under
the conditions of the theorem it is easily verified that this equation leads
to (2.3.3). Furthermore, (2.3.3) is obviously the m~times differentiated

form of equation (1.1). 0O

_PROOF OF THEOREM 2,3.2., Let Y(t,s) be given by (1.6) where y(t) is the exact

solution of (1.1), then we may write for n = k

k k
L@ =L M - iZOE“iyn—i+j=2_k(Binn—i(tmj)'than-i(tn+jm
k k
= Zo{aien-i jjék[Bij(Y(tn+j’tn-i)—Yn—i(tn+j))

=y (RCe oy (e DK (e 0T

Substitution of the functions Y(t,s) and Yn(t) and using (2.1.3) and (2.3.6b)
leads to
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k k n-i
(A.5) L (¥) = izo{aien_i+j=z_k[gij<h ﬂzown_i,zAK(tn‘l_j,tz,y(tﬂ),yﬂ)
N CYIIR) B I TR S

Thus, we have found for the errors e the relation

k
*
(A.6) .ZO e ;s =V, n2k , where
k k n
v =L (Y) - iZOj;gk[hBij Lgown—i,ﬂAK(tn+j’tﬂ’y(tk)’yﬂ)
+ BijEn-i(h;tn+j) - thjAK(tn+j’tn—i’Y(tn—i)’yn-i)]‘

We now proceed with the two cases (a) and (b) separately.

k

(a) o(z) 2a .z, % # 0.

0
We want to apply the discrete Gronwall inequality stated in Lemma A, 1
in order to derive an upper bound for the solution of this linear difference

equation, and therefore we need an upper bound.for lvn

« A straightforward
calculation yields

k k n
T(h) + § ] [bwlh } legl + cLihle .| +bE(h)]
£=0

(A.7) lv_|
n i=0 j=—k

IA

IA

n
Coh I ley| + CLE(R) + T(h),
0" 50 ¢ 1

where C0 and C1 are constants independent of h and n (in the following

allconstantscj will be independent of h andn). From (A.6) it follows that
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n
|u0|]sn| < Coh £20|e£| + ClE(h) + T(h)

so that for h sufficiently small
1 n-1
le | < ZoT R [Cyh LZOIEKI + C/E(h) + T(h)]

n—-1
C,h £Zolszl + Cg[E() + T(R)].

IA

Application of Lemma A.1 (with z=k 6(h)) yields

*
e | € (40" (*he, 8 (M) +C,[EM)+T(h) D),

-Since nh < T - to,part(a) of the theorem is immediate.
(b) a(z) is simple von Neumann, B8(z) = 0.

Instead of directly applying Lemma A.l1 to the inequality (obtained
from (A.6))

2 lo‘il len—i

b s Jv 1,

we first apply Lemma A.2 (i) to obtain the '"'sharper" inequality

*

n
(A.8) le | < c l8@m) + jzklvj|]’ nzk

Unfortunately, if we use the upper bound (A.7) for ]vjl and then apply
Lemma A.l1, we cannot prove convergence. However, by using the property
B(z) = 0, that is Bi = Z§=_k Bij = 0, a sharper upper bound than (A.7) can
be derived. To that end we write
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k

K
lj=z_k8ijAK(tn+j,tK,Y(tK) yp) | = jz_ksij[AK(tn,tﬂ,y(tz) 7p)

+ AK(tn+jst£sY(t£):Y£) - AK(tn’tf’»’Y(t‘e)’y’e)]l

k
<bLh ) lig,l,
j=-k

and, similarly,

k k
..E_.(h; . <b AE(h).,
Ijglkle nei (1385 | jj&k (h)

In this way we obtain instead of (A.7) the upper bound

A

k k n
(A.9) lv | <T_(n) + ) 2[bwL|jih2 2|e£|+cLlhlen_i|+bAE(h)]

i=0 j=-k £=0

k

n
cih JCle ;1 +n [ lepll+ CpaE(h) + T(h).
i=0 £=0

IN

Substitution into (A.8) yields the inequality

n .k h]
le | <c {6(h)+h ) [ Jle. .]*+n Y |e |+h"‘AE(h)+h"1T(h)] )
no 3 jxbimo 37H e £ }

It is easily verified that

n

Pt e P
€. .| £ (k+1) €.
j=k i=0 JI7* j=0 3

*

Hence,

n
lenl < C4{6(h)+h[(l+nh) ) |e£]+nh_]AE(h)+nh_lT(h)]}.
£=0
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Since nh £ T - ty we find for h sufficiently small

n-1
le | < cch 2 |e£| +C h Mhsh) + aE() + T() 1.

Finally, by applying Lemma A.l we arrive at the estimate

* .
le_| < (1+<:5h)“’k (k*hCSG(h)+C6h_1[h6'(h)+AE(h)+T(h) ]),

from which part (b) of the theorem follows. [

PROOF OF THEOREM 2.3.4. Following the first lines of the proof of Theorem

2.3.2 we obtain the following relation, analogous to (A.5), where

Krs :=_K(tr,ts)

(A10) 1§ ZY

k k n -1
120 j=—k ij n+j, n-i%n-i " .Z . ) Bij[ ) Yn-i, & n+J,£e *h E i(h;tn+j)]

£=0

Now we write K 0, nei Kn * (X +J,n—1_K ) and K n+j L K * (Kh+j,£—Kn£)
and rewrite (A.10) to obtain

k *
(A.11) .z Yi€5 = Vs D >k,

i=0
where

K =h z Knn~ n+j,n—i) + Z B, 2 W K _,e,+

nn'n Yi J h n-i n-i, L nl L

i,] i,j L
_._ntj_:_fé__nf_";
+h23 Zn_lz_( deg *
i,j e

-1 -1
+h izj By iBami M3ty — b L (D
>
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Since y(z) is Schur, we may apply Lemma A,2 (ii) to (A.11) and find

(A.12) le | < c{6(h) + max |v.|}, n=k .
n k<j<n

where C (and all subsequent Ci) is independent of h and n. So we have to

find bounds on |vj!. Using the conditions of the theorem, we find

k

r
REGES! . . . pK
vl s o Dbl Gonleg gl o B8 1wy epme|

r
. -1 . -1
+ Cohw Z.Jlsij lLZoI%I +h ].Z.B..Er_i(h,tr+j)|+h [L.’r(Y)|,

. i
1,] 1,] J
*
r k.
Now we use the condition R(z) = 0, i.e., Bi = 0, and (2.3.62) to obtain (ecf.
the derivation of (A.9) in the proof of Theorem 2.3.2)
S -1 -1 *
vl = C3{h ¥ le__;l+h ) |€£l+h AE(h)}+h T(h), r =k ,

i=0 £=0

1

IA

r
C4{h ¥ Iell + h'lAE(h)} +h T(h).
0

Substituting this into (A.12) we find, for h sufficiently small,

1 1

n—-1
[en] < CS{G(h) +h AE(h) + h 'T(h) + h z-—X-o leﬂl}

and application of Lemma A.l yields the result of the theorem. []

PROOF OF THEOREM 3.3.1. Proceeding as in the proof of Theorem 2.3.2 we derive

the relations



k
* * *
L [yl = izo[a € i th Afn_i],
(A.13)
k k n-i
L [yl = iZO{uinn_i + j._._.X_k[Bij (h,@ZO Wn—i,f,AK(tn+j’t£’Y(t£) ’Yf_)
FE (e ) - By 8RGe g yGe 0y o)

The first relation is written as (cf. (A.6))

k

* * -
(A.14) iZo GiE o= Voo

where v: satisfies the inequality (using (1.3') and (1.3"))

k
* * *
lvnl := |L' [yl +h iZO v0E .

|

k ,
* *
< Tn(h) + h ‘Z ‘Yi ][Llleﬁ_il-rLzln |1,

n—-i
1=0

Application of Lemma A.2 (i) yields (because a*(z) is simple von Neumann)

n
(A.15) ‘Ienlvs Co{h Z

n
3 [lej|+|nj|]+ Sth) + ) T;(h)]

0 j=k

where C0 is some constant independent of n and h,
For nn we derive from the second relation in (A.13)

k

(A.16) iZoainn’i = v,

where v, is defined as in (A.6).

(a) In the case where a(z) = o zk we have from (A,7):
0

n

41
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for some constant C,- Substitution into (A.15) yields

< C h E.(h
o] = ¢ {Jzk gl +n § Jepl v ) +
+T,(0) 4 h—lT;(h)] + 8(h) + h@*(hj}

n
< 03{ I lesl +E () +1 (B) +1° ' (n) + 8(n) + hs (h)}
j=0

where we@?ave used that nh < T - tye From Lemma A. 1, part (a) of the theorem
easily follows.

(b) Since a(z) is simple von Neumann, we apply Lemma A.2 (i) to (A.16) and
use (A.9) (since BR(z)=0) to find

]nnl {6 (h) + Z leo(hie .]+h2£ioIezl)-bAEj(h)-ij(h)]}

< Cs{ E |e |+ 6% + 07! -1 }
j=0

AE (h) +h T (b)

Substitution into (A.15) and applying Lemma A.l leads to part (b) of the
theorem, [J



